Lecture 15 - Sampling and Diffusion Models
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FAF(a) R
K4 (Sampling)
W’ p B—MEEDE, RAECENRE: MATRESHEIEERX, EEXHIH AL J

o HE: Monte Carlo 773%;
o ffifk: HEHURN;
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R

WILEY SERIES IN PROBABILITY AND STATISTICS

Simulation and
the Monte Carlo Method

Third Edition

Reuven Y. Rubinstein
Dirk P. Kroese

WILEY

o FEHLHAYIEM
o EAREHZERIREN
o [EHLILE /BB A2 HIIRHL
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Markov Chain Monte Carlo (MCMC)

EMX 1 (Markoviik)
—MMarkoviE = —NHEHLITFE { X} oo, FE: RRKSREBTFHARES, mET
EREFL*. B, FEEN n RE 4,5, B:

P(X"H‘l :] ‘ X” :iaXn—l :xn—lv"'7XO :.'D()) :P(Xn+1 :] | X” :Z)
H—, MREBFETHEAEEL, B
P(Xpi1=j| Xn=i)=P(X1 = | Xo=14) V¥n

ARAFAFR MarkoViik RETSTHY
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Markov Chain Monte Carlo (MCMC)

EX 2 (FFESm)
B’ {Xn}nlo B®—MMarkoviik, EIREZEER S. MREFE—MEEST «~ BEUTHR
-
m(j) =D _m()P(ij) Vi€S
=
Hrh P(i,j) BIMNRE « EBEIRES j BOEZER, WFR 7 FiZMarkoviiERIFi2 5
75 (Stationary Distribution) /M E (Invariant Measure).

MCMCHIBIERNIR: #iE—Markovil, EBEHFRATERNRENERS 7o
MLANEBRENH(BHREHEANSH)HE, EERSERTER, RERSER
DHrHIREER.
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E
. . s ~,
Metropolis-Hastings &;%

O EFMIEIRTS 0.
0 WFE—Hn=12... N
o WIRAT o(a' 2 1) PERIBERE o'
o WHIEZIHE: m(x')q(zn—_1]z")
o = min <1, m)
° um$ a ?%g{liﬂ){k?& .T/, E")-'JH%?%%?‘& In—1e0

® X1 mYETRE, X, B T—MRZES, Metropolis-Hastings B AR BHLRAT IR R
5

P(X,, = 2'|Xn—1 = 2) = g(2|z) - min (17 %)

A B check Metropolis-Hastings B AR iR EfHFRD

m(x) = > m(y)q(zly) - min (1, M)

" m(y)a(=ly)
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PNy et P2l LangevinBE
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O NAEMEZE PRI
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PNy et P2l LangevinBE

Langevin Dynamics

E X 3 (Langevin Dynamics)
BEBBERE (potential) V (z), Langevin Dynamicsie 8l N2 BISDE

dX, = —~VV(X¢)dt + v2dB. (1)

HB—MRFR 2z A Langevin Diffusion.

Langevin 3 8{HIE R T A
Lipf=—VV Vf+Af

4 R TTHIERER
Lipg=V-(gVV)+Ag
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PNy et P2l LangevinBE

Langevin Dynamics

Kolmogorov backward5#2:

O pf(a) = LLoPif() = ~VV (@) VPS(@) + AP f(2)

Fokker-Planck 5 18:
Oep(z,t) = Lrpp(z,t) =V - (u(z, ) VV(2)) + Ap(, t)

wEn 1

[

Langevin 788 dX, = —VV(X,)dt + v2dB; BIAZNE R

dr(z) x eV @dz
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NEEBMBEEDRE WENE 573

Langevin Algorithm

EMX 4 (Langevin Algorithm)
%t Langevin3 8% Euler-Maruyama 2S84k -

Xhr1yn = Xen — hVV (Xen) + V2(Bes1yn — Brn)-

FHA152] T —FLangevinl BIBISEIR T, #RJ9(Unadjusted) Langevin Algorithm, ULA,
& Langevin Monte Carlo, LMC. Efh2iE K1, k2IEREH.

HF BB EE1L, Langevin Monte Carlo5Langevin DynamicsANEB—2, Langevin
Monte CarloFJ RNt ABRBEFED . —KAILUBAE MetropolisiHEEIRIERHE S0
BRI
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Metropolis-adjusted Langevin Algorithm (MALA)

MALA

@ Proposal step: same as in ULA
Zy1 = Xp — hVV(Xy) + V2hE,
@ Accept-reject step: go to

1 P X
Zp4+1  with probabilitymin{l T 1Py 4 ( k)}

b m(XK)Pxy, (Zry1)
X with the remaining probability.

ABEBREX,, BUSHRE—MIUEAR X — hVV(Xy), BER 201, BEHHT, BE
WAHERFTIER

Xgt+1 =

IS SR O B R A A O]
Pe) = (27 -2h)3 p( m > :
EZHEHAFERARIE:

min {1,exp (—V(z) _ ﬁ lz = (2 — hYV ()2 + V(2) + ﬁ Iz — (z — hVV(x))ug) }

v
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LN Vet E ol Pl Langevin BUERIUIEE S 4T
Hx

O NAEMEZE PRI

o LangevinESERIUTEE 534
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L R
MERE

E X 5 (Wasserstein distance)
1R 2R B 1 FN 2 [B] B9 2-Wasserstein DistancelE X9 :
3
W)=t ([l sltstasan) @)
YEC(p,v)

EHC(u, v)RufviFEE (Couplings) MRk Hzs1E], || - | 2BEGEH.

EIE 1
W{X Y ATHER X0 ~ po, FREDTAN < e”V BiLangevindl 81, 1R
W us2a-58log-concavelt], AP

W3 (e, 1) < exp(—2at) W3 (o, ).
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L LR
MERE

TR 2
WF keN, iﬂukh%LMCE'\]E@%k%iiﬁﬂ'Jﬁﬁ h > 0RERESK. BBEFESHA
poce ™V, R aly < VAV < Bl R b < L FFFE N €N,

~ 5,§
ﬂdl/2h1/2>

Nh
Wa(punn, 1) < exp (—%) Wa (o, p) + O ( o

M%hzog;L%ZW$ﬁ§5qmwaE

N— O( \fW2(H0’#)>

BERZE, B VaWa(unn,p) <e
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LN Vet E ol Pl Langevin BUERIUIEE S 4T

Proof sketch!

ULA Xk+l B

7:_iji:_)7|'"’- —— X1 What we whnt to bound

for time

h
Ken
m Xiksn)n

for time
h

o ITEULAFILDZ B — SR BB ELIRE;
o EIFLDAW,IEE NHEHERML P SIERIRE,

https://chewisinho.github.io/main.pdf Sec.4.1
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L LR
3T o AN S
SRR ER T

BEFTENDHRER B D M log-concavity, SZERAFRFET LU IX—RIZ.

E X 6 (Log-Sobolev inequality)
i a Log-Sobolev inequality, SNRITFE,[¢%] < coBIXBEEg : R" — R,

Ent, (g) £ E,[¢° log g°] — E.[g°] log E, [g%] < %Eu[l\Vgllz]- (3)

FE X 7 (Poincaré inequality)
Ui Ea Poincaré inequality, IR FHBEHg:R" - R, B

Var,(9) £ B [g%) - Eu[g]* < ~E,[|Vg?). *)

2Bakry D, Gentil I, Ledoux M. Analysis and geometry of Markov diffusion operators[M]. Cham: Springer,

2014.
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NEEBMBEREDRE WENTEU 530 el 0

KLEUE
EX 8 (KLELE)
WS T BOK LR X
KLGul) = Ho) = [ (o) 1og 25 . (5)

@l 2 (Pinsker's inequality)
drv(u,v)? < 5Ho(p).

i 3 (Talagrand inequality)

f
ZUi# o Log-Sobolev inequality

%W2(/'La V)2 < HV(M)'

Pinsker’s inequality#1Talagrand inequalityii BAKLE E R— MAX ERBHESE S, &
filbound KLEIE BARREBA L TVINEEEHR .
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Langevin M 81 5147
KLEZE +LSITNLangevin DynamicsH$8 #Ua & E

EIHE 3
v e Vi#Ra LSl, #B4Langevin Dynamics
dX, = —VV(X,)dt + V2dW,

BT i R -
Hy () < e > Hy (po).

H—Hh, Walpe,v) < \/2Hy(po)e” .
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LN Vet E ol Pl Langevin BUERIUIEE S 4T

Proof sketch3

E X 9 (Fisher information)
w3t FvBY Fisher informationE X A

700 = [ o) ‘wog*y‘ggHde- (6)

%g® = £, Log-Sobolev inequality A] LA#S EIKLELE FFisher informationfJaA R % & :

Ho) < 5= Jul10)

3Vempala S, Wibisono A. Rapid convergence of the unadjusted langevin algorithm: Isoperimetry suffices[J].

Advances in neural information processing systems, 2019, 32.
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LN Vet E ol Pl Langevin BUERIUIEE S 4T

Proof sketch

513 1
ﬁ*ﬁuﬁ%ﬂ:

S HA) = =) ™

FIF Langevin Dynamicstf Fokker-Planck}3%2: Oiut = V- (ue V'V (2)) + Ape HEA 5.

HHLog-Sobolev inequality,

gamn, B

MRN8
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L LR
KLELE +LSITFLMCHI3E Bl st

EIE 4

Fv:=e VitiBa LSIFH AR L-smoothf(—LI < V?V(x) < LI for allz € R"), 4
SHFERz0 ~ poilEH, (o) < 0o, KO <n < ﬁﬁ"JULA
Tet1 = 2 — V'V (zk) + /2n2k
KIS fhxs ~ uk e )
—a 8nnL
Hy () < e Hy (o) + =

Bitt, SHEBHBES >0, AT H,(u) < 5, LMCEEHR Sy < % min{1, L}, 3
Bk > L log 2ol xR,

“Vempala S, Wibisono A. Rapid convergence of the unadjusted langevin algorithm: lIsoperimetry suffices[J].

Advances in neural information processing systems, 2019, 32.
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VN L2 Langevin EUERBCEE S5 4

Proof sketch

o BH—BLMCERPE
5|3E 2

v :=e Vi#Ra Log-Sobolev inequality # B L-smooth, 140 <n < ;%5, P
ALMCH R

H,(pr1) < e *"H, () + 6n°nL?.

42

d 3
— < ——=
dtHV(ut) < 4Ju(ut) +

HLog-Sobolev inequality

H, (o) + 26202 + 2tnL2.

421t
H, (o) + 2t°nL? + 2tnL”.

d 3a
2. v < A v
S () < 2 H () +

t = 0%t = nf%y, EIEWIF5IHE2.
BHEZLEAKF
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Langevin k#8152 47
RényigflE +PI T~ Langevin DynamicsH9$8 #Ua &1t

EX 10 (RényiBIE)
FFq >0, ¢ # 1, BMESTHuITTFrEIgM RényiBiE E X A :

1
Rq(p) == -1 log Fo,u (1), (8)

Frt =5 ((2)] - f ot - [ o

Rényig{lE SKIETF Rényifl: H, () := ﬁ log [ p(z)9dz.

Hep

EIE 5
v = e F#HRBao Poincaré inequality, q > 2, 84 Langevin DynamicsB 535 1, 5 12 -

Ry (o) — 22t ifRq,.(10) > 1 and as long as Rq.. (1) > 1,
Row(u) <4 “pt ~ ° ’ ’
e ¢ Rqu(po) ifRqu(po) < 1.
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LangevindSE K157
RényiBilE +PI TR LMCRY$E B it

EIE 6

v, R Poincaré inequality, ¢ > 1, v:=e V& L-smoothi,
B1 < Ragu, (110) < 00, 20 <7< min{?’%, @}, q>1, Baxt
Tk > ko == 3%(Ragu, (10) — 1), LMGH 2+

— LN gnt—ke)
Rg. (i) < (C(IZ — i) e S + Rag—1,0(vy).

N1£ *ﬁl#(; >0, tTRq V(uk) < 5 LMCE Elﬁl@ﬂi-&’r] (C] (mln { T V2q—-1 (g
1
§)) iz

HAy,(8) =sup{n > 0: Ry.(vy) <6}, FEZTL =0 ( (Rag,v,, (pt0) + log
{{0

jr)
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MNABHBPREE: aEs B Matching Langevin Dynamics (SMLD)
Hx

O NAEHIRFRAE: FHuRE
@ Score-Matching Langevin Dynamics (SMLD)
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H R —— B 5 5 SR

BIRESTHERAE, RNMNBE—LER, TFHRENEREBER:
(1) FIHEHM; (2) RFF IBIBOKIE D HERSEH
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S5t e L2 B¢ EIl Score-Matching Langevin Dynamics (SMLD)

Recall that Langevin dynamics
dX; = —VV(X,)dt + V2dB,
BETTMNE eV, BRMNBERMpaara, BT
dX; = V10g paata(X:)dt + v2d By.

HAV log pir AHEZE 53 FipAIScore function.

WMRpia. B, WATUENITEScore, RMERES D, BRMNFENEIEFZ
S]Score V 1og paata, EBITHRLEZEMLELIRIL

min E[||V 10g paata(X) — s0(X)|13]

Hehsg SR ROMHE ML
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S5t e L2 B¢ EIl Score-Matching Langevin Dynamics (SMLD)

Score Matching

o Score matching®

EX~paara |V 108 Paata(X) = s6(X)|3
= E |V 10g paata (XI5 —2E (s6(X), V108 paata(X)) +E [[s6(X)]I5 -

does not depend on 6

TTEE I
B (50(X), 108 pinta (X)) = = [ (50(2), V108 pista ()} paoes(2)do
— / V - 50(2)paata(z)dz = BV - s5(X),
T 4RO IR

minEx~pyq,, [[|50(X)]3 +2V - s0(X)] .

®Hyvirinen A, Dayan P. Estimation of non-normalized statistical models by score matching[J]. Journal of
Machine Learning Research, 2005, 6(4).
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S5t e L2 B¢ EIl Score-Matching Langevin Dynamics (SMLD)

Denoising score matching

BRI G (L 21 R T
N

Z (50 (22 + 2V - so(:)] -

RMSLEBERITEBERYV - so(zv;) LB EME, % R Denoising score matchingi## 58
EritE.

o Denoising score matching®
EEMWENT = + oz, HH2 ~ N(0,1), Denoising score matchingB) BFrA

meinEqa(ilz)Pdam(w)[Hse(i) — Vi logqo (T | 1’)“%]

AILUERRse~ (%) = V3 log ¢o () LSRRI, EF o () 2 [ ¢o(F | 2)pdata(r)dz.

Yang Song and Stefano Ermon. Generative modeling by estimating gradients of the data distribution. In
Advances in Neural Information Processing Systems, pp. 11895-11907, 2019.
"Vincent P. A connection between score matching and denoising autoencoders[J]. Neural computation,

2011, 23(7): 1661-1674.
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S5t e L2 B¢ EIl Score-Matching Langevin Dynamics (SMLD)

Denoising score matching

BARRBECLBIIEE, B
so+ (%) = Vzlog ¢o (%) & V 10g pdata(T)
BRqe (2 | 2) ~ N(z, I REUSHNETE LS5

V3zlogqs(Z | )= Vzlog

(\/Tlﬂ)dexp{_ﬁ;of”?}
A s

202

_ I-z

o2

Denoising score matchingBI4L L [B]RREN A

(9)

min E
0

so(Z,0) +

T~Piata,E~vN (z,021)
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S5t e L2 B¢ EIl Score-Matching Langevin Dynamics (SMLD)

Noise Conditional Score Networks

(9) B HILBIHEMEIRE 5o (x, 0)FRH Noise Conditional Score Networks. FHFRH
HEotbtBUHIRHE, B
so+(x,0) & V108 pdata(x)

ZEi% it — 1 time schedule, {180 — 0.

Algorithm 1 Annealed Langevin dynamics.

Require: {o;}2 . ¢,T.
1: Initialize Xg
2: fori+ 1to L do
3 a; ¢ olfo? B> av; is the step size.
4 fort < 1toT do
5: Draw z; ~ N (0,1)
6 Xt 4 Xp—1+ %Se(ihl,ﬂi) + oz
7 end for
8 Xp & X7
9: end for

return X,
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PNy e L2 B ¢ EU Denoising Diffusion Probabilistic Models
Hx

O NAEHBIREDREE: T HURE

@ Denoising Diffusion Probabilistic Models
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PNy e Lo ¢ LIl Denoising Diffusion Probabilistic Models

Denoising Diffusion Probabilistic Models, DDPM?

Forward/Diffusion Process

€r

€g (xtl t)

8Denoising diffusion probabilistic models. Advances in Neural Information Processing Systems, 33, 2020
36 /56



PNy e L2 B ¢ EU Denoising Diffusion Probabilistic Models

Forward Diffusion Process

q(@e|mi—1) = N (24 Varzi—1, (1 — ap)I)
xt = yagxi—1 + /(1 — ar)ei—1, where €1 ~ N(0,I).

o tENIRIT T2

il 4
D Hq(z|zo) A

q(@i|zo) = N (4 Vayxo, (1 —a)I),
Hep o, = [, ou. B x; = Vaixo + V1 — aeo.

BEMB T B g (2o | o IF AT o E o, HB— MBS E 2,
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PNy e L2 B ¢ EU Denoising Diffusion Probabilistic Models
Proof

Xt = ouXe—1 +V1— o€
=V (Voa—1xi—2 + /1 —or—1€-2) + V1 — €1
= ooy 1X¢—2 + /a1 —ar-1€2 + V1 —are 1.

w1

BT e oMe MBIREBHN, wiRIERNES, ROTEHENHEE
Ewiwi] = [(Vary/T— 1) + (VI =)L

=[a:(l —a—1)+1— ]I =[1 — arar—1]L.

ﬁﬁﬁiﬂ%et
Xt = Jorop—1Xi—2 + /1 — ri—1€4—2

= ooy 102X 3+ /1 —arar_104 2643
t t
= ||OL¢X0+ 17"0&;60,
=1 i=1
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PNy e L2 B ¢ EU Denoising Diffusion Probabilistic Models

Reverse Denoising Process

HENHERA— LM rERET TR, B
pB(thl‘Xt) ~ (I(Xt—ﬂxt)

B Markovl¥,

q(xt—1]xt,%0)q(xt|x0)

q(xe—1]xe)q(xe) conditig;n X0
q(x:-1(%0)

q(Xt|Xt,1) = q(thl)

q(x¢|x¢—1,%0) =

ERAREME AT IR PRI LR

Po(xt—1]xt) = q(x¢—1|x¢,X0)

9Luo C. Understanding diffusion models: A unified perspective[J]. arXiv preprint arXiv:2208.11970, 2022.
©Chan S H. Tutorial on Diffusion Models for Imaging and Vision[J]. arXiv preprint arXiv:2403.18103; 2024
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PNy e L2 B ¢ EU Denoising Diffusion Probabilistic Models

Reverse Denoising Process

Wl 5

FHDHq(xi1|xe, x0) A—NEHDT N (xe-1; py(xe,%0), By (t)), Hep
(1 —@-1)y/ou (1 — )V

(e, X0) = =X + o
1—-—« (1—«/& 1
=,(t) = ( fiiat =1y

q(@i|xe—1, 0)q(Ti—1|T0)
q(z¢|zo)
_ N((L‘t; \/E:L't_l, (1 — at)I)./\/'(a:t_l; \/@t_lmo, (1 — dt—l)I)
N(xe; v/arxo, (1 — a)I)
o exp {_ |:(wt — VX 1) i (Ti—1 — V/a—1%0) (x: — Varxzo) ] }

q(@r—1|@e, T0) =

2(1 —Oét) 2(1 —O_thl) 2(1—0_ét)
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PNy e L2 B ¢ EU Denoising Diffusion Probabilistic Models

Reverse Denoising Process

FEE, BEMEEschedule, X,(1)REBMHY, FTUAKRMNAFTESKKIERS, B
p9($t—1|$t) = N(mt—ﬂ Ho> Eq(t))
AT 75 2 (BRI T 3 8
1
Dt a(weala,20) | po(weslan)) = 5oars [0 — o]
S

(-F)ar (- a)yEs
— T + — o

1—a; 1 —a;

. (1 — at,l)\/at " (1 — Ozt)\/at_1 Ty — \/1 — Q4 €Q
1—a k 1-—a: NGD

1 1 — Ot

=T ———— ¢
VOt ¢ V1 — g /or 0

I‘Lq(mt7 wO) =

41/56



PNy e L2 B ¢ EU Denoising Diffusion Probabilistic Models

Denoising Diffusion Probabilistic Models

R 1 1
—
T, l) = —xTt — —F———¢€g (T4,
’J'G( ’ ) \/CTt M\/OZ ( ’ )
BENEZINBIRELRE— Denoiser eg(x,t)o
Algorithm 1 Training Algorithm 2 Sampling
1: repeat 1: xr ~ N(0,1)
2 anq(xn) 2: fort="7T,...,1do
i- £~ [J{f“(’é‘)‘ir)“({l’ T} 3 z~N(0,1)ift > 1,elsez=0
DEn~ , .
5. Take gradient descent step on 4 xe1 = ‘/%—t (xi - \}ﬁea(xt,”) + oz
Vo ||le — €s(v/@rxo + VT —ace. 1)||° 5: end for
6: until converged 6: return xg

42/56



VN Vel ¢ E Ul Score-based Generative Models
Hx

O NAEHBIREDREE: T HURE

@ Score-based Generative Models
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VN Vel ¢ E Ul Score-based Generative Models

Score-based Generative Models, SGM11

Forward SDE (data — noise)
.— dx = f(x, t)dt + g(t)dw
’ SCOI‘ function
.(7 dx = [f(x,t) — G (£)Vy log py (x | dt + g(t)dw @

Reverse SDE (noise — data)

%

Hy, Song, J. Sohl-Dickstein, D. P. Kingma, A. Kumar, S. Ermon, and B. Poole. Score-based generative

modeling through stochastic differential equations. In Proc. ICLR, 2021.
44/56



VN Vel ¢ E Ul Score-based Generative Models
Reverse SDE

EE 7
xFITSDE:
dx = f(x,t)dt + G(x, t)dw, (10)

'EW Reverse SDE 4

dx = {f(x,t) — V- [G(x,1)G(x,1) '] — G(x,)G(x,t) Vi log ps(x) }dt + G(x, t)dw )

45 /56




VN Vel ¢ E Ul Score-based Generative Models

Proof Sketch

SDE (10)#JFokker-Planck 7527

4 d

ap(;i =) Z i Dp(x)] + 5 ZZ oz axj ZGik(x’t)ij(x’t)pt(X)]

d
— Z g [fi(x, )ps(x)] + = Z o [Z o, ZG““ (%,t)Gjr(x, t)pe(x ):|:| :

FEER

d 9 d
>~ gty |2 G Gt Ot )]
" d 9 d d d 0
_ 287 |:ZG”“(X’t)GJk x, t) :| —I—ZZ ik (X, 1) Gk (%, £)pe (x )%logpt(x)

=1 J k—1 j=1k=1 J

=PV - [G(x,1)G(x, 1) ] + pe (%) G (x, )G (x, 1) Vi log p (x)
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Proof Sketch

[]4X Fokker-Planck 77 &

Ope(x) _
ot

0

T

;Eﬂ““

N

[fi(x, 1)pe(x)]

1

<
Il

0

'

_|_
T
Q

h

[V - [G(x, )G (x,0)T] + P (}) G x, )G (x, 1) Vi log pu(x)]

=1

0

L

'@M&

{6 P

1

- % [v (G, )G (x, 1)) + G(x,)G(x, 1) Vx log ps (X)}pt (X)}

<
Il

d a 5
s _ Z 871:i[ﬁ(x, t)pe(x)],

B ERIEIE

d
Pird = =2 g e o) )
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Proof Sketch

d

d d 2
D N AU IR B PEnces > Gis(x, )G, O (x)

f(x,t) =f(x,t) — V- [G(x,t)G(x, t)T] - G(x,t)G(x, t)TVx log p¢(x)
FAReverse SDE Jy

dx = {f(x,t) — V- [G(x,1)G(x,1)"] — G(x,t)G(x,t) Vx log ps(x)}dt + G(x,t)dw

48/56



Forward Process of DDPM & OU Process

EEEHATE = 1,2,..., N, DDPMEIEMETIE

x; =/1— Bixi—1 +/Bizi—1, zi—1 ~N(0,I).

EXFESKAt =+, t€{0,1,---, Y }. fkEschedulefy

B =3 (%) % B(t+ AHAL, N — 00,8 (%) B

T
x(t+ At) = — B(t+ At)A )+ B(t + At)Atz(t
~ x(t) - %5(15 + ADAE(t) + /Bl + A A1)
~ ()—%ﬂ ) Atx(t) + /B(t)Atz(t
LAt — 0,

:_,5 )xdt + +/B(t)dw.
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Score-based Generative Models
DenoiserfiScore Y% %

5|38 3 (Tweedie Formula)
MF—NEHHENEE2 ~ N(z;p,,2:), B

E[p.|z] =z + 2.V logp(z)

#EDDPMH, FATIERAIE
q(ze|zo) = N (@4; Vauwo, (1 — ax)I)
Rz A Tweedie Formula

E I:I*l’zt |mt] = Varxo =z + (1 — &)V log p(x+)

1-— + N
'Fﬁ')\EUNq(wt,alo) Var(l—ag_1)ze+/ar—1(1—o¢)zo hitE, A

1—a¢

By (T, T0) = rwt \ﬁ (z+)
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Score-based Generative Models
DenoiserfiScore Y% %

A LEIE F S B AYScorett B

1 1- Ot
t) =
po (s, t) \/OTtwt + = so(x¢,t)
XH
®g = x: + (1 — @t)VIng(QIt) _ Tt — \/1 — Q4 €Q
6615 6515
A LB & DenoiserFAScore AV EX &
1
AVA! ry) = ———
og p(x+) MGO
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Pyl A e EU More Topics
Hx

O NAEHBIREDREE: T HURE

@ More Topics
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Reverse OU Process

@ Forward process
dXt == —ﬁtXtdt + 1\ 2BtdBt

@ Backward process (BP)

dY: = Br—i{Y¢+ 2V ilog pr—+(Y:) }dt + /267—+dB;
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More Topics
Diffusion Model YATS4 3 1f

e Girsanov EI2
o Chen S, et al. Sampling is as easy as learning the score: theory for diffusion models
with minimal data assumptions. ICLR. 2023.
o Chen H, et al. Improved analysis of score-based generative modeling: User-friendly
bounds under minimal smoothness assumptions. ICML. 2023.
e Benton J, et al. Nearly d-Linear Convergence Bounds for Diffusion Models via
Stochastic Localization. ICLR. 2024
@ Log-Sobolev inequality
o Convergence for score-based generative modeling with polynomial complexity.
NeuralPS. 2022.

o Convergence of score-based generative modeling for general data distributions. 2023.
o Hith
o A Note on the Convergence of Denoising Diffusion Probabilistic Models. TMLR. 2024.
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Reverse Diffusion Monte Carlo!?

WRIEERFEHT < e @), #EPE Reverse Diffusion Process

dX; = Br—i{X: + 2V log pr—+(X¢) }dt + /267—1dB;

532 4
The score function can be rewritten as

ef(T_t)a:o —T

Va logpr—i(x) = Booar —.(1o) T = gmatr=ny

where )

Hm — e_(T_t)a:o

2 (1 _ e—z(T—t))

gr—t(xo|x) < exp | — fu(m0) —

2Huang X, Dong H, Yifan H A O, et al. Reverse diffusion monte carlo[C]//The Twelfth International
Conference on Learning Representations. 2024.
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Reverse Diffusion Monte Carlo

Algorithm 1 RDMC: reverse diffusion Monte Carlo
1: Input: Initial particle &, sampled from pg, Terminal time T, Step size n, 7', Sample size n.
2: for k=0to |T/n] —1do
3: Setwv, =0;
4:  Create n Monte Carlo samples to estimate

Fpor —e—(T—kn) g H:i:k,]—e*

. (T—kn)g|
Uk & Bangr o, | = R mamm—wmy | - Where ar (x| E i) o< exp ( —fu(x) — S(imearE) )

50 (g1 = By + (7 — 1) v +&  where & is sampled from A (0, (e27 — 1) I).
6: end for
7: Return: &7/, -
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